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PART I:
Bilevel optimization
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Bilevel Optimization Problem

max  f(x,y)
.y
S.t. (x,y) € X
y € S(x)
where S(x) — argimax 9(557 y)
y
s.t.(x,y) €Y
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-irst paper on bilevel
optimization

Bracken & McGill (OR,1973): First bilevel model,
structural properties, military application.

Mathematical Programs with Optimization Problems

in the Constraints

Jerome Bracken and James T. McGill
Institute for Defense Analyses, Arlington, Virginia

(Received October 5, 1971)

This paper considers a class of optimization problems characterized by con-
straints that themselves contain optimization problems. The problems in the
constraints can be linear programs, nonlinear programs, or two-sided optimiza-
tion problems, including certain types of games. The paper presents theory
dealing primarily with properties of the relevant functions that result in convex
programming problems, and discusses interpretations of this theory. It gives
an application with linear programs in the constraints, and discusses computa-
tional methods for solving the problems.
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Adequate framework for
Stackelberg game

e | eader: 1st level,
e Follower: 2nd level,

 _eader takes follower’s optimal reaction
INnto account.

Heinrich von Stackelberg
(1905 - 1946)
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Applications

e-conomic game theory
eProduction planning
eRevenue management

® Security
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cxample: a linear BP

max Jix + fa2y
T,y

S.t. max g1 + gay
Y

s.t.(x,y) €Y

= |nducible region (IR)
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Coupling constraints

The follower sees only the second level constraints

max 17+ fay
s.t. (x,y) € X
myaxglgzj + 92y
X s.t.(x,y) €Y
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Coupling constraints

The follower sees only the second level constraints

Ay \Q

max Jix + fay
3.t (x,y) € X
fnffxglflj T g2y
s.t.(x,y) €Y

X N'Y = High Point Relaxation (HPR)
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Coupling constraints

/ g
RN

e -.-).(--.
19
5
Infeasible BP
max fix + fouy Feasible BP
T,y
max xr —+

S.T. (Zl?, y) < X LY fl ny

Max g1z + g2y Hax g + g2y

s.t.(z,y) €Y s.t.(x,y) e Y N X
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Multiple second level optima

Imax Ty y
x>0 3

s.t. max(1l — )y
J

s.t.0 <y <1 Y
- X
Y “Optimistic” Y “Pessimistic’
Y \/ v |\
X @ - X
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PART II:
Linear Bilevel optimization
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| Inear BP

max c1x + diy

S.t. AliB -+ Aly S bl }X

maxijcox +day,
Y

S.t.AQZE + Bgy < by }Y
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0/1 Programming is a special case of BO
(Audet et al. 1997)

re€{0,1} v=0and v =argmax{w: w<z,w<1-—x,w >0}

w

AMSI - Perth - June 2019 15




| Inear BP

e | inear BP is strongly NP-hard (Hansen et al. 1992)
oMILP is a special case of Linear BP

¢|R is not convex and may be disconnected.
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| Inear BP

(Blalas & Karwan(1982), Bard(1983)).

e IR is the union of faces of XnY

o|f Linear BP is feasible, then there exists an optimal
solution which is a vertex of XnY.

» K-th best algorithm

AMSI - Perth - June 2019 17



Linear BP- single level
reformulation

max c1x + diy max c1x + diy
S.t. Az + Biy < by S.t. Aix + By < by
max da, Boy < by — Asx

’ \By = ds

s.t. Boy <by— Aox ()
2Y > 02 2 () 2> 0

‘ )\(Bgy — bg —|—AQQZ‘) =0 ‘
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Linear BP- single level
reformulation

max ci1x + dry max c1r + diy
S.t. Ajx + By < by S.t. Aix+ By < by
Boy + Asx < by Boy + Axx < by
ABoy = ds A\B> = ds
A>0 A>0
‘ )\(Bgy—bg—l—Agx):O‘ A< M,z
Asz + Boy > by — Mpy(1 — 2)
z€4{0,1}™
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Linear BP- single level
reformulation

max c1x + diy
XL

S.T. Ala: -+ Bly S bl

max da,
y

s.t. Boy < by — Asx (N)
e Branch & Bound (Hansen et al.1992)
e Branch & Cut (Audet et al. 2007)
* Finding a valid M, amounts finding a vertex of {AB, = d,, A > 0}

with largest coordinate which is NP-hard (Kleinert et al., 2019).
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PART lll:
Pricing problems
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Adequate framework for
Price Setting Problem

max
1'eO,r,y

S.t.

F(T,z,y)

min f(7', z, y)
LY

s.t.(x,y) € 11
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Applications

Mobile Internet.
Package Plans.
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Price Setting Problem with
iInear constraints

max
1,2,y

S.t.
min
T,y
S.t.

1T'x

TC > f

(c+T)x + dy

Ax

By > b

o [l ={z,y: Az + By > b} is bounded

e {(x,y) € Il: 2z =0} is nonempty
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Example: 2 variables in

second level
s.t. min crr+ (co+ 1)y
L,y

s.t. (x,y) € 11
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Example: 2 variables In
second level

AMSI - Perth - June 2019 26



The first level revenue

y Y Y
y ™m
| | | | : T
0 Ty Ty 15 o Lo
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Network pricing problem

(Labbé et al.1998)

e network with toll arcs (A1) and non toll arcs (As)
e Costs ¢, on arcs

e Commodities (o®,d"*, n")

¢ Routing on cheapest (cost + toll) path

e Maximize total revenue
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e UBon (T1 +T») = SPL(T = o) — SPL(T' = 0) = 22 — 6 = 16
e Th3=>5Tys =10
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Example with negative toll
arc
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Network pricing problem

max E 1, E n”axk
T>0

ac A1 ke K

min 3 (D (cat Ti)aa+ D cao)

keK acAq ac Ao
N S RTINS Sl I
acit A€l

rh,ys >0, Vk,a
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NPP: single level reformulation

max
T7x7y7)\

S.t.

o

acAyg

D (@h+ya) = Y (wg+ys) =b Vi

aErT acl1—
AF A§? <c,+T, Yk,ac Ay,i,j
NS — N <y Vk,a € Asi,j

Z (Cq ‘ Z Calla = )\];k — )\Sk Vk

CLGAl aEAQ
T, ye >0 Vk,a

T,>0 Vae A
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Solution approach

» MILP formulation
» Tight bound “big M” very effective

 Branch & cut
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Product pricing

Seller consumers

R% is the reservation price of consumer % for product i
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Product pricing

oPPP |s Strongly NP-hard even if reservation price is
independent of product (Briest 20006)

oPPP s polynomial for one product or one customer.
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PPP - bilevel formulation

max E nk E pZZCi{
p>0

- keK i€l
s.t. max Z(Rf —p)xt, ke K
Tk
icI
S.1. fo <1
il
¥ >0
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PPP - single level
formulation

max E nkg D)
p=>0
ke K

el

st. Y (R} —2 RY —p;, jel,keK

el

> (R; 2 0, keK

el

Zaz,’fgl

i€l
¥ >0
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PPP MILP formulation

(Heilporn et al., 2010, 2011)

MILP formulations
e Convex hull for k=1

eBranch & cut, branch & price
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PP gap

(Violin, 2014)
A .;‘- et — _,-.I_-_l _________
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PPP: computing time

80 |
N
<)
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RECAP

Bilevel bilinear optimization

v

Pricing problems

v

Second level: LP

v

Second level: shortest path I-’

Second level:
“One out of N”
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Single level nonlinear
reformulation
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RECAP

Bilevel optimization

v

Pricing problems

Second level: LP

v

Second level: shortest path »
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Second level:
“One out of N”
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RECAP

Bilevel optimization

v

Pricing problems

Single level nonlinear
reformulation

Second level: LP

Second level: shortest path » “SOerclzeo gﬁtli}/ﬂ:ﬂ

MIP
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Conclusion

e Bilevel model: rich framework for pricing in network-based industries.
e Models: theoretically and computationally challenging.
e Need to exploit problem’s inner structure.

e Analysis of basic model: relevant and useful for attacking real applications
(http://www.expretio.com/).

e Integration of real-life features (congestion, market segmentation, dynam-
ics, randomness...).

e Investigate variants of product pricing.
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